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1. Introduction
We consider the following two-dimensional MHD system
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∂tu − u + u · ∇u + ∇
(
π + 1
2
b2
)
= b · ∇b,
∂tb + u · ∇b − b · ∇u = 0,
∇ · u = ∇ · b = 0,
u(x,0) = u0(x), b(x,0) = b0(x),
(1.1)
here u = u(x, t) ∈R2, b = b(x, t) ∈R2 and π = π(x, t) ∈R represent the unknown velocity ﬁeld, the magnetic ﬁeld and the
pressure respectively.
The local well-posedness for (1.1) has been proved in [3]. Furthermore, it is proved that the solution keeps smoothness
up to time T if
b ∈ Lp(0, T ;W 2,q(R2)) with 2
p
+ 1
q
 2, 1 p  4
3
, 2< q∞. (1.2)
Later, Fan and Ozawa [1] proved a regularity criterion on the velocity ﬁeld as ∇u ∈ L1(0, T ; L∞(R2)).
One can check that condition (1.2) is not scaling invariant, so the purpose of this note is to establish a scaling invariant
regularity criterion on ∇b. The main theorem reads
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170 Y. Zhou, J. Fan / J. Math. Anal. Appl. 378 (2011) 169–172Theorem 1.1. Suppose that (u0,b0) ∈ H3(R2) with ∇ · u0 = ∇ · b0 = 0 in R2 . Let (u,b) be a local smooth solution of system (1.1).
Then (u,b) can be extended beyond time T if
∇b ∈ L1(0, T ;BMO(R2)). (1.3)
Remark 1.1. Very recently, Lei, Masmoudi and Zhou [5] proved a regularity criterion in terms of b ⊗ b as b ⊗ b ∈
L1(0, T ;BMO(R2)).
2. Proof of Theorem 1.1
Since (u,b) is a local smooth solution, we only need to establish a priori estimates.
First, multiplying the ﬁrst equation of (1.1) by u and doing integration in R2, after integration by parts, we have
1
2
d
dt
∥∥u(t)∥∥2L2 + ∥∥∇u(t)∥∥2L2 =
∫
R2
(b · ∇b)(x, t) · u(x, t)dx. (2.1)
Similarly, for the second equation (multiplying it by b), we get
1
2
d
dt
∥∥b(t)∥∥2L2 =
∫
R2
(b · ∇u)(x, t) · b(x, t)dx. (2.2)
Due to the fact that∫
R2
(b · ∇b)(x, t) · u(x, t)dx+
∫
R2
(b · ∇u)(x, t) · b(x, t)dx = 0,
(2.1) and (2.2) tell us that
1
2
d
dt
(∥∥u(t)∥∥2L2 + ∥∥b(t)∥∥2L2)+ ∥∥∇u(t)∥∥2L2 = 0,
which implies
‖u‖L∞(0,T ;L2) + ‖u‖L2(0,T ;H1)  ‖u0‖L2 + ‖b0‖L2 , (2.3)
and
‖b‖L∞(0,T ;L2)  ‖u0‖L2 + ‖b0‖L2 . (2.4)
Multiplying the ﬁrst equation of (1.1) by −u and doing integration, using∫
R2
(u · ∇u) · u dx = 0, (2.5)
we ﬁnd that
1
2
d
dt
∥∥∇u(t)∥∥2L2 + ∥∥u(t)∥∥2L2 = −
∫
R2
(b · ∇b)(x, t) · u(x, t)dx
= −
∫
R2
2∑
i, j
(
bi∂ib · ∂2j u
)
(x, t)dx
=
2∑
i, j
∫
R2
(∂ jbi∂ib · ∂ ju + bi∂i∂ jb · ∂ ju)(x, t)dx. (2.6)
Multiplying the second equation of (1.1) by −b, after integration, we infer that
1
2
d
dt
∥∥∇b(t)∥∥2L2 =
2∑
i, j
∫
R2
(
(ui∂ib − bi∂iu) · ∂2j b
)
(x, t)dx
= −
2∑
i, j
∫
2
(∂ jui∂ib · ∂ jb − ∂ jbi∂iu · ∂ jb − bi∂i∂ ju · ∂ jb)(x, t)dx. (2.7)
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1
2
d
dt
(∥∥∇u(t)∥∥2L2 + ∥∥∇b(t)∥∥2L2)+ ∥∥u(t)∥∥2L2 =
2∑
i, j
∫
R2
(∂ jbi∂ib · ∂ ju − ∂ jui∂ib · ∂ jb + ∂ jbi∂iu · ∂ jb)(x, t)dx
 C
∥∥∇u(t)∥∥L2∥∥∇b(t)∥∥2L4  C∥∥∇u(t)∥∥L2∥∥∇b(t)∥∥L2∥∥∇b(t)∥∥BMO
 C
∥∥∇b(t)∥∥BMO(∥∥∇u(t)∥∥2L2 + ∥∥∇b(t)∥∥2L2),
which implies (by Gronwall’s inequality)
sup
0tT
(∥∥u(t)∥∥H1 + ∥∥b(t)∥∥H1) (‖u0‖H1 + ‖b0‖H1)exp
(
C
T∫
0
∥∥∇b(τ )∥∥BMO dτ
)
. (2.8)
In the above estimates, we have used an interpolation inequality proved in [2]:
‖w‖2L4  C‖w‖L2‖w‖BMO.
We will also use the following inequality, which is established in [4] for 1< r < ∞:
‖v · ∇v‖Lr  C‖v‖Lr‖∇v‖BMO. (2.9)
It follows from (1.3), (2.8) and (2.9) that
‖b · ∇b‖L1(0,T ;L6)  C‖b‖L∞(0,T ;L6)‖∇b‖L1(0,T ;BMO)  C˜ , (2.10)
and
‖b · ∇b‖L∞(0,T ;L3/2)  C‖b‖L∞(0,T ;L6)‖∇b‖L∞(0,T ;L2)  C˜, (2.11)
here C˜ denotes a constant dependent on the initial data and ‖∇b‖L1(0,T ;BMO) .
Using (2.10), (2.11) and Hölder’s inequality ‖w‖L9/4  ‖w‖
5
9
L3/2
‖w‖
4
9
L6
, we get
‖b · ∇b‖L9/4(0,T ;L9/4)  C˜ .
Similarly, we have
‖u · ∇u‖L9/4(0,T ;L9/4)  C˜ .
Now, we go back to the ﬁrst equation of (1.1). It can be regarded as the Stokes system with external force f := b · ∇b − u ·
∇u ∈ L9/4(0, T ; L9/4). By standard Lp-theory for the Stokes system [6], we have
u ∈ L9/4(0, T ;W 2,9/4),
which implies ∇u ∈ L1(0, T ; L∞).
The proof is completed by the regularity theorem in [1].
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Appendix A
The purpose of this appendix is to give a proof for (2.5) with smooth (and decaying fast at inﬁnity) functions. First, let
us deﬁne the curl-operator for a vector-ﬁeld and a scalar-ﬁeld in two space dimensions as:
curlu = ∂1u2 − ∂2u1 ∈R, for u = (u1,u2) ∈R2,
and
curlφ = (∂2φ,−∂1φ) ∈R2, for φ ∈R.
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−u = curl curlu and curl(u · ∇u) = u · ∇ curlu,
provided u ∈R2 and divu = 0.
Thus, if divu = 0, we have∫
R2
(u · ∇u) · u dx = −
∫
R2
(u · ∇u) · curl curlu dx
= −
∫
R2
curl(u · ∇u) · curlu dx
= −
∫
R2
u · ∇(curlu) · (curlu)dx = 0.
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